In the NRQCD factorization for productions and decays of a quakonium the difference between the quarkonium mass and the twice of the heavy quark mass is neglected. We attempt to interpret the difference in term of NRQCD matrix elements, and consider the effect introduced by the difference in quarkonium decays. The effect is significant in these decays. Similar effect in decays of heavy-flavor hadrons is briefly discussed.
easier to handle them in the framework of QCD. However, only recently we have been able to treat their decays and productions rigorously, based on a factorization with non-relativistic QCD(NRQCD) [1] , where the effect of short distance is handled with perturbative QCD and the effect of long distance is parameterized with NRQCD matrix elements. The factorization is performed by utilizing the fact that a heavy quark moves with a small velocity v in the quarkonium rest frame and an expansion in v can be employed. In this factorization, a quarkonium decay, e.g., like J/Ψ, can be imagined at the leading order of v as the following:
The c-andc-quark in J/Ψ has certain probability to be freed at the same space point and this cc pair decays subsequently. The probability has a nonperturbative nature and is at order of v 0 , while the decay of the cc pair can be treated with perturbative QCD. Various effects at higher order of v can be taken into account, e.g., these due to that the freed c-and c quarks are not at the same space point which is a relativistic effect, and the effect of that the freed cc pair does not possess the same quantum numbers as those of J/Ψ. In order to make the factorization consistently the quarkonium mass is forced to be approximated as twice of the heavy quark mass. In general the quarkonium mass is not the same as twice of the heavy quark mass, the difference, we call it as the mass difference, is at order of v and is made by nonperturbative physics, which binds the heavy-, antiheavy quark and other possible light dynamical freedoms into a bound state. This difference makes the phase space of a quarkonium decay differently than that of a heavy quark pair decay and introduces a correction at order of v 2 . The situation here is relatively similar as this in deeply inelastic scattering, where the mass of the initial hadron introduces the target mass effect [3] . This effect can be thought as a kinematical effect at higher-twist, the other higher twist effects are dynamical, which come from the fact that partons inside a target can have a transverse momentum and can be off-shell, · · · etc., these together are corrections to the parton model.
In a quarkonium decay, the effects at higher orders of v in the NRQCD factorization are dynamical, while the mass difference introduces a kinematic effect, which is not included in the formers. This can also be seen by the fact that the mass difference can be interpreted by a series of NRQCD matrix elements, which are not the same as those appearing in the NRQCD factorization for quarkonium decays. We will first try to make the interpretation and then calculate the correction introduced by the difference.
We start with the energy momentum tensor T µν of QCD, a nice discussion about properties of the tensor and interesting references can be found in [2] . For our purpose we consider the full QCD containing gluons, N f flavors of light quarks and one flavor of heavy quark Q.
The tensor then can be written as
where T µν Q is the contribution from the heavy quark, T µν G is from gluons and T µν q is from light flavors. For a state of a hadron with momentum p one has by definition:
If the hadron is at rest, the zeroth component in the right side of Eq. (2) is the mass M of the hadron. The energy momentum tensor can be decomposed into a trace part and a traceless part,
From the space-time covariance one can derive
where the factor p 0 appears because we take the normalization of a state as p|p
To interpret the mass difference we match the heavy quark fields of full QCD into NRQCD fields. We perform this matching at the tree-level and for consistency we neglect the contributions from the trace-anomaly and the anomalous dimension of quark masses. The heavy quark contribution T µν Q in the full QCD reads:
In the above Q is the dirac field for the heavy quark Q, D µ is the covariant derivative. The last term with g µν forT µν Q can be simplified with the equation of motion. We take the state |p as a quarkonium state |H and match the matrix element ofT µν Q into NRQCD matrix elements, we obtain:
where T K is an operator defined in NRQCD, ψ Q and χ Q are the quark and antiquark fields in NRQCD respectively, M Q is the pole mass of the heavy quark, The operator T K measures the sum of kinetic energies of a heavy and antiheavy quark. For H with a nonzero spin the average of the spin is implied. The summation is over all light flavors. The matrix elements
H|q f q f |H are at least at the order of v 2 . This can be estimated by taking a QQ pair instead of the state H, because the operatorq f q f is a color-singlet, the matrix element is nonzero provided that at least two gluons must be exchanged between the operator and the QQ state.
A gluon coupled to Q orQ gives a factor v. The contribution from this operator to M H is suppressed by a factor m f /m Q , relatively to the contribution from T K , can be neglected for charmonium as the mass ratio is small enough. For bottonium system, because charm quarks are included in the full QCD, neglecting this contribution from charm quark may be problematic, because the mass ratio is not so small. However the matrix element H|cc|H , where c andc is the dirac field for charm quark, is suppressed by Neglecting the contributions proportional to m f and other higher order effects we obtain
Taking this result we obtain another relation in the quarkonium rest frame within our approximation:
This relation may be regarded as a field theory version of the virial theorem of quantum mechanics, which relates the expectation value of the kinetic energy to the expectation value of the potential energy. The above equations hold only at the tree-level approximation in field theory. If one takes the contributions from the trace-anomaly, the contributions from the anomalous dimension of quark masses and those from the matching beyond the tree-level, into account, these relations become more complicated. For higher exited states of quarkonia the relation needs to be corrected by higher orders of v 2 as v 2 becomes larger for these states. The matrix element H|T K |H and other possible matrix elements are different than those appearing in NRQCD factorization [1] , where one has 4-fermion operators sandwiched between quarkonium states or 2-fermion operators sandwiched between the vacuum-and quarkonium states.
If the mass of a quakonium and the pole mass of the heavy quark are known, one may determines how large the matrix element H|T K |H or the binding energy is. We take Υ and J/Ψ as examples. The pole mass of b-quark is determined precisely from a study of lattice QCD [5] , whose result is m b = 5.0GeV. For charm quark we take the pole mass determined from the D meson semileptonic decay [4] , the value is m c = 1.65GeV. With these values we obtain:
With these values one can also determine the velocity of b-or c-quark in Υ or J/Ψ respectively, by identifying H|T K |H = m Q v 2 . We obtain v 2 ≈ 0.1 for b-quark and v 2 ≈ 0.12 for c-quark. The velocity for c-quark is smaller than that from usual estimation. For c-quark it should be noted that a precise determination of the pole mass is still lacking and the higher order effect in Eq.(13) may be significant. Now we consider the effect of the mass difference in quarkonium decays. First, we consider the decay η c → γγ. Starting with the relevant S-operator we obtain the transition matrix:
The quantity Γ(q, P ) is a nonperturbative object, which describes how the cc pair is freed from η c . c(x) is the dirac field for c-quark, i and j are indices containing Dirac-and color indices. The quantity H(q, k 1 , k 2 ) is perturbatively calculated. NRQCD factorization is achieved by expanding Γ(q, P ) in v. After this expansion, the c-andc-quarks are on-shell, and it is forced for consistence that M ηc = 2m c , that converts the hadronic phase-space into the partonic one. It should be noted that the similar problem was considered for differential cross-section of quarkonium production [6] , where one started with NRQCD factorization, hence with the partonic phase-space. By summing higher orders in v the hadronic phasespace is recovered for the differential cross-section, and a universal shape function instead of a matrix element appears. The purpose of this study is an attempt for solving the problem that for the differential cross-section the expansion in v is broken down near the boundary of the partonic phase-space. In our case we only consider the total decay width, the breakdown of the expansion in v will not cause problems for such integrated observables. We start with the hadronic phase-space and postpone the expansion in v later. We obtain the decay width:
where the sum of spins is implicit and k
. Ω is the solid angle of k 1 . The dependence of M ηc can be read off from the above equation. It is explicitly through the δ-function and implicitly in Γ(q, P ). We take this explicit dependence into account by expanding the δ-function in ∆M ηc = M ηc − 2m c , the implicit dependence will remain, after the expansion in v, in NRQCD matrix elements appearing in NRQCD factorization. Keeping only the leading correction we obtain
The calculation is similar as for η c → γγ. We obtain:
where the spin average for J/Ψ is implicit in the square of the matrix element and ∆M J/Ψ = M J/Ψ − 2m c . In this process the correction introduced by the mass difference is not zero.
Special care must be taken for this process, because the nonperturbative object Γ(q, P ) here is related to a local operator, one may first perform the integral over q and introduce a decay constant. Calculated in this way, one obtains the decay width as a function of M J/Ψ .
If one then matches the decay constant into the NRQCD matrix element and expands the width in ∆M J/Ψ the width is the same as in Eq.(24), but the sign in the front of ∆M J/Ψ is negative sign. This is against the expectation. Because if ∆M J/Ψ is positive one expects the correction to be positive as the phase space is larger than the partonic one.
The final process to be considered in this work is J/Ψ → light hadrons. It should be noted that for processes involving strong interaction NRQCD factorization is in general performed for squares of amplitudes. However, the vacuum saturation is a good approximation in NRQCD, this enables us to work at the level of amplitude. With the vacuum saturation and at leading order of α s the process to be considered is J/Ψ → 3 Gluons. The amplitude can be written:
The indices 1,2,3 are labels for the 3 gluons. For this process the phase-space is different than those considered before, it is a 3-body phase-space. In general the decay width can be written as an integral with the hadronic boundary of phase-space:
Expanding the boundary in ∆M J/Ψ we obtain
The decay width can be obtained by a direct calculation. We obtain
To see the numerical significance we take the values of pole masses mentioned before, and take only the tree-level results. For bottonia, the decay width for Υ → ℓ + ℓ − and for Υ → light hadrons is reduced at the level of 10% and 37% respectively, the same level of the reduction is also found for the decay width of J/Ψ → ℓ + ℓ − and of J/Ψ → light hadrons. The reduction is stronger for hadronic decays than for leptonic decays. If one adds the one-loop corrections [7, 8] to the perturbative coefficients for the leading order at v 0 the reduction becomes even more stronger, because these corrections are negative. In the above estimation we neglected the effect at order of v 2 , this effect is a relativistic effect in the NRQCD factorization, for the consistency one should add this effect because the mass difference is at order of v 2 . This introduces an unknown matrix element. For leptonic decays this effect is estimated [1] , which will further reduce the decay widths. For hadronic decays, based on a model [10] , the relativistic corrections are also estimated, a strong suppression is found.
This all indicates that for quakonium decays the one-loop corrections, the corrections from of NRQCD matrix elements, where the long-and short-distance effect is separated. We analyzed the effect of this difference in quakonium decays and find this effect is significant.
A detailed study with a precise determination of all nonperturbative effects at a given order of v is needed to predict decay widths of quarkonium precisely.
